1.1.2.
It is known that a number α is normal to base q if and only if the sequence {αq n } n≥0 is u.d. (Wall, 1949) . Borel proved that almost every number (in the sense of Lebesgue measure) is normal to base q. In [G] , Gal and Gal proved that D (N, {αq n } n≥0 ) = O((N −1 log log N ) 1/2 ) for a.e. α.
In [K1]
Korobov posed the problem of finding a function ψ with maximum decay, such that ∃α : D (N, {αq n } n≥0 ) ≤ ψ (N ) , N = 1, 2, . . .
He showed that ψ(N ) = O(N −1/2
) (see [K1] ). The lower bound of the discrepancy for the Champernowne and Davenport-Erdős normal numbers was found by Schiffer [S] :
For a bibliography on Korobov's problem see [Po, L1] .
1.3.
In [L2] we proposed using small discrepancy sequences (van der Corput type sequences and {nα} n≥0 ) to construct normal numbers, and announced that
This result is proved below. The estimate of ψ(N ) was previously known to be O(N −2/3 log 4/3 N ) (Korobov [K2] for q prime, and Levin [L1] for arbitrary integer q). We note that the estimate obtained cannot be improved essentially, since according to W. Schmidt, 1972 (see [N, p. 24] ), for any sequence of reals, lim
. .] be the continued fraction expansion of x, with partial quotients a i (x). For an integer b and Q > 1 let a i (b/Q) denote the sum of all partial quotients of b/Q. Following [P] we prove (see Lemma 3) that there exists an integer sequence b m and a constant K > 0 with
Then the number α is normal to base q, and
1.5. Let (p i,j ) i,j≥1 be Pascal's triangle:
and (p i,j ) i,j≥1 be Pascal's triangle mod 2:
Every integer n ≥ 0 has a unique digit expansion in base q,
. . , and e j (n) = 0 for all sufficiently large j.
Theorem 2. Let 
Then the number α is normal to base q and
Remark 2. Let (σ i ) i≥1 be any sequence of substitutions of the set ∆ = {0, 1, . . . , q − 1}. The proof of Theorem 2 does not change if in (8) we use the functions σ i (e i (n)) instead of the functions e i (n) (see [B] , [N, p. 25] ).
Proof of the theorems. Let
It is easy to see that {{bn/q
Hence and from (10) we obtain (11) and (13) we deduce
. By (12) and (13) we get
where
It is easy to see that
We see from (20) and (1) that
and
with |ε| ≤ 1.
This yields
), and
, and
Combining (21) and (1) we obtain
. By (24) and (25), this yields
with
Hence and from (25) and (26) we obtain (28)
with |ε 4 | ≤ 1. Substituting (23) and (27) into (19), we obtain
Using (16) and (15) we get
where |ε j | ≤ 1, j = 7, 8. Assertion (17) is proved. Assertion (18) follows analogously from (22) and (28).
For the proof of this well-known theorem, see for example [N, p. 26 
φ(q). Now the assertion of Lemma 3 follows from (29).
The statement follows from (1), (2), (10), and Lemmas 1-3.
Applying (3) and (10) Hence and from (13) 
By using (30) and (14), we obtain
Similarly, from (18) we deduce that
End of the proof of Theorem 1. For every N ≥ 1 there exists an integer k such that N ∈ [n k , n k+1 ). By (4) this yields
Applying (4), (14) and (31)- (33) we obtain
Thus, by (1), the theorem is proved.
Proof of Theorem 2. In [So] Sobol' proposed the use of Pascal's triangle mod 2 to construct small discrepancy sequences (see also [F] , [N] ). Here we use Pascal's triangle mod 2 to construct normal numbers.
Let P n be a sequence of a 2 n × 2 n matrices such that
It is easy to prove by induction that P n is the 2 n ×2 n upper left-hand corner of Pascal's triangle (5), and P n is a triangular-type matrix. The following lemma is proved in [BH] for Pascal's triangle, and it is clearly valid also for Pascal's triangle mod 2.
Lemma 4. The determinant of any n × n array taken with its first row along a row of ones, or with its first column along a column of ones in
Pascal's triangle, written in rectangular form, is one.
From (7) we have (34)
{αq
. . , i).
We examine the system of equations (37) d
According to (8) this system is equivalent to the system of i congruences
Applying (6) 
where n 1 ∈ [0, q l 1 ) and n 2 ∈ [0, q i−l 1 ). Applying (39) with i = l 1 shows that this system has a unique solution with (e 1 (n 1 ), . . . , e l 1 (n 1 )). Consequently, there exists a unique solution n 1 = n 1 ∈ [0, q l 1 ) satisfying (45). By (41) and (43) we obtain (46)
Now we examine the system (44) with n 1 = n 1 the solution of (45).
Case 2.1. Let n 1 ≤ q l 1 − 2. Bearing in mind that
we deduce from (44) that
with j = 1, . . . , i − l 1 and 0 ≤ n 2 < q i−l 1 . Applying Lemma 4 we obtain a unique solution for this system with (e l 1 +1 (q l 1 n 2 ), . . . , e i (q l 1 n 2 )). By (42) and (44) we get (47) From (46) and (47) we have Thus, by (1), the theorem is proved.
